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Double-threshold percolation behavior of effective kinetic coefficients

A. A. Snarskii"™ and M. L. Zhenilrovskyyz’+
'National Technical University of Ukraine (KPI), Kiev, Ukraine
N. N. Bogolyubov Institute for Theoretical Physics, Kiev, Ukraine
(Received 14 December 2007; published 11 August 2008)

We investigate thresholds of percolation in two-phase macroscopically inhomogeneous media. It is shown
that, unlike standard percolation behavior there are systems in which effective kinetic coefficients of two-phase
macroscopically inhomogeneous media have two percolation thresholds. As examples, thermoelectric and
galvanomagnetic phenomena in such media are considered.
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INTRODUCTION

The basic characteristics of randomly inhomogeneous me-
dia are effective kinetic coefficients relating, by definition,
the volume averages of thermodynamic forces and flows.
Thus, for example, if we deal with a two-phase macroscopi-
cally inhomogeneous medium, wherein Ohm’s law holds for
each of the phases

J(r) = o(r)E(r), (1)

where j(r) and E(r) are coordinate dependences of electric
current density and electric field intensity, and o(r) is local
conductivity, the medium in general is characterized by the
effective conductivity o,

((r) = oK), (2)

where (---) denotes volume averaging.
Mathematically, the effective kinetic coefficients, in this
case the effective electric conductivity, are a functional,

o, =0, [j(r).E(r)]. 3)

Physically, this is exactly the same value that is measured
experimentally, when the sample dimensions are much larger
than characteristic dimensions of inhomogeneity (more pre-
cisely, more than the so-called correlation radius).

The calculation of effective kinetic coefficients has been
dealt with in a large number of papers, starting with Max-
well’s works (see, for example, Refs. [1-3]).

In the case of a big difference between physical properties
of media, for example when the conductivity of the first
phase o is much larger than that of the second phase o,
> 0g,, near certain concentration values of one of the two
phases, the so-called percolation threshold p,, there is a dras-
tic change in the conductivity behavior o,; see Fig. 1(a). The
study of such drastic changes of effective properties is a
separate field of research—the so-called percolation [3].

The presence of percolation threshold p. is due to a
simple reason. With increased concentration p of phase with
conductivity o, (o,>0,) at p=p,, the so-called infinite-
cluster continuous path in the phase with conductivity o is
formed in the medium. While before the percolation thresh-
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old the current was obliged to flow through the small con-
ducting portions with conductivity o,, above the threshold
the major current flows in the good conducting phase, o.
The effective conductivity o, at passing through p=p, is
drastically increased. Close to and at the percolation thresh-
old itself, in the so-called critical area, the effective conduc-
tivity has a power dependence on the proximity to percola-
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FIG. 1. Concentration behavior of effective conductivity (a) and
effective spectral density of 1/f noise of conductivity (b) are
shown. In this example, o1=1000, o,=1, C;=1, and C,=10; all
values are in arbitrary units.
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tion threshold 7=(p—p,.)/p. and is characterized by universal
critical exponents [1-3],

o,~o7, p>p., T>A, (4)
0, =~ 0.2|7.|—q, P <pc’ |T| > A’ (5)
o, = (0)00,)""*9, |4 =A, (6)

where A=(0,/ )% is the smearing region, the analog of
the smearing region of the second-order phase transition.

Similar to the formation of an infinite cluster of good
conducting phase at p=p,, at p=p.=1-p, (if the concentra-
tion of p is reduced from 1) an infinite cluster is formed of
small conducting phase, which, however, does not affect the
behavior of o, [Fig. 1(a)], the effective spectral density of
1/f noise of conductivity [Fig. 1(b)] [4,5], higher current
moments, etc.

Nevertheless, in some cases there can be basically more
complicated concentration behavior of effective kinetic coef-
ficients of the two-phase media, when their drastic change
takes place close to both p. and p,.. Thermoelectric effects,
when the first phase is a good conductor of current and the
second one of heat, can serve one of the numerous examples
of such behavior. In this case, the effective conductivity will
experience percolation transition at p=p, and effective ther-
mal conductivity in passing through p=p,.. The effective
thermoelectric coefficient, determined on the one hand by
conductivity (connection of current paths in a medium) and
on the other hand by thermal conductivity (formation of tem-
perature drops to create electromotive force), will “feel” both
percolation thresholds [6].

The first section of this paper will consider an abstract
two-flow system with “cross” effects, its partial case being,
for instance, a system with thermoelectric effects. For such
systems, using the isomorphism method [7,8] one can rigor-
ously show that the effective cross coefficient has a critical
behavior close to both percolation thresholds. In the second
section, the results obtained are used for the system with
thermoelectric effects. The third section discusses galvano-
magnetic effects. In this case, calculations are made within
the effective medium theory (EMT) approximation [9,10]
that was generalized in [11,12]. The problem of creating a
model of percolation structure of the above cases and the
possibility of nonstandard behavior of effective kinetic coef-
ficients in the case in which critical areas near p,. and p,
intersect are discussed in the Conclusions.

I. EFFECTIVE KINETIC COEFFICIENTS IN THE
ABSTRACT TWO-FLOW SYSTEM

Let us consider the case in which two thermodynamic
forces E| and E, give rise to two thermodynamic flows j,

and jj,
j N E
(’.1 ) =s<r>( ‘),
J2 E,

J1=S(0E; + SH(r)E,,
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J2=Sp(rE; + Sxy(r)E,, (7)

where Sij(r) are local kinetic coefficients assuming in the
first and second phases the values

4 A~ (4 a2 .
S(r)=a= ( ) for the first phase, (8)
ap dax
a A (b b
S(r)=b= for the second phase, 9)
by by

and, since a stationary case is considered, then

diV(j]’z) ZO, rOt(El’z) =0. (10)

The effective kinetic coefficients of system (7) are deter-
mined in a similar way [Egs. (1) and (2)],

(1) =ST(E) + S1H(Ey),

(J2) =S1AE ) + S5(Ey). (11)

As is known [7,8,13], there is no need to solve a separate
problem to determine the concentration dependences S%.. For
their determination, it is sufficient to know the concentration
behavior of kinetic coefficients of the one-flow system, for
example, for Eq. (1). Of course, the geometric structure of
the medium (arrangement of phases) should be identical. The
problem of calculating S¢, is reduced to the problem of cal-
culating o,.

We will use here the most general method of reducing one
problem to another [8], whereby S’e can be written as

¢ _a=b)fp.N) +(b=-Na)f(p. 1)
e - N ’

where f(p,\) and f(p,u) are found from the one-flow prob-
lem,

(12)

U'e:O'lf(Psh), h:2<17 (13)
g

and in f(p,h) it is necessary to replace h by the parameters A
and u, which are the roots of a square equation,

(éayy - byy)(&ay — by) — (éayy— b1p)* =0, (14)

where one of the roots is &=\ and the second is &=pu.
We will consider the cases

by,

ap

<1, (15)

in which the ratio between the second and first phase “con-
ductivities” is much less than unity (“o,/0” <1),

—>1, (16)

in which the ratio between the second and first phase
“thermal conductivities” is much greater than unity
(“K2/K] — 1), and
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b
L. (17)
app

From Eq. (14) with regard to Egs. (15)—(17) it follows that

b b2 det(b
)\zl<1_i>=£<l’ (18)
an by1by, ay1by
by ‘1%2 aby
p~ 2o 22 APy (19)
an apdy det(d)

Taking this into account, Eq. (12) can be approximately writ-
ten as

. b b A\
S, = (ﬁ - —)f(p,h) + (— - —d)f(p,ﬂ), (20)
M 7"

from which for the effective coefficients S;, we get
2

b, -
St = anf(p,\) + azzb_izaf(P,M), (21)
2
a%z
52 = (,l_f(p,)\) + a225f(p’ /"L) s (22)
11
bra a _
Stz = (alz— . zz)f(p,k) + Zbpdf(p.p).  (23)
2 2

where notations are introduced as follows:

(24)

To obtain the concentration dependence of S7, it is necessary
to apply to a concrete one-flow problem. In a strongly inho-
mogeneous medium, where inequalities (15)—(17) hold, two
different cases are possible.

In the first case, in which 2<<1, the local coefficient o
(for simplicity it will be called the first-phase conductivity) is
much greater than the local coefficient in the second phase,
0,. Note that one should not confuse conductivity in the
one-flow system and conductivity S;; in the two-flow sys-
tem. Thus, at ;> o, (one-flow system), the critical area
with percolation behavior is close to p,, i.e.,

f(p’x)|x:h<l =f(p’h)’ P =D (25)

and [see Egs. (4)-(6)]
7, >0, A, (26)
f(p,h)={ h|d™, 7<0, B, (27)
R |d <A, C, (28)

where 7=(p-p,)/p. and A=h""*?_ In so doing, in the area
close to p., the percolation dependences do not “work,” and
to determine, for instance, the behavior of f(p=p.,h), one
can use the effective medium theory (EMT) approximation
[9,10].

In the second case, when 2> 1, percolation dependences
take place close to p,, and instead of Egs. (4)—(6),
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FIG. 2. The schematic image of areas corresponding to expres-
sions (26)—(28) and (30)—(32) is shown.

f(p7x)|x=h>l =f([7,h), )4 zﬁc’ (29)

h7, >0, A, (30)

flp.m)=y |77, 7<0, B, 31)
hq/(t+q)’ |ﬂ$5, 5, (32)

where now 7=(p.—p)/p, and A=h""*9_In so doing, close
to p,, the function f(p=p,,h) is determined by means of the
EMT approximation.

The function f(p,h) in the EMT approximation for a
three-dimensional case is of the form [9,10,1,2]

f(p,h) = 41—‘{31)(1 —h)+2h—1+\[3p(1 =h) +2h— 1]+ 8h}.

(33)

For the case h<<1, when Eq. (33) is expanded into Taylor
series in A, it can be written to a good accuracy as

k< (34)
3y PPe

3p—-1

=, p>p.. 35
> p>p (35)

fp,h) =

For the case h> 1, when Eq. (33) is expanded into Taylor
series in 1/h,

3p-2 _

5 PP (36)
fp,h) = |

——, p>p.. 37

o2 PP (37)

Substituting, respectively, the values f(p,\) and f(p, )

into Eq. (20), with regard to Egs. (18) and (19), from Egs.
(26)—(32) and (34)—(37) one can determine S¢, in all the areas
A.B,...,C (Fig. 2). In the A, B, C areas, p~p,; as A<1, for
f(p,\) it is necessary to use Egs. (26)—(28); and as u> 1, for
f(p,w), the relationships (36) and (37) should be used. It is
similar for the A, B, C areas. Substituting f(p,\) and f(p, w)
into Egs. (21)-(23) yields kinetic coefficients. In each of the
areas, they will look as follows:

For area A,
S =ant, (38)
Sty = by, (39)
83, = by (40)
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For area B,

St = byb|4, (41)
ST = b, (42)
83 = ba. (43)

For area C (smearing area),
84, =~ af {9 (by b)), (44)
St = b, (45)
53, = b, (46)

where in all the areas A, B, and C the effective coefficients

55, S, that do not experience a percolation transition were
obtained in the EMT approximation, so it is not surprising
that their values are almost the same in all the areas.

Let us now pass to the areas close to p.. For area A,

St =a, (47)
Sty = b7, (48)
85 = by T (49)
For area E,
St =a, (50)
biyay
f~ = 2al, (51)
by
89, = axal 7. (52)

For area C (smearing area close to ),

S(i’l =dyp, (53)
§¢, = byy(ab,a'by) "+, (54)
8%, = (abya'bd,) "9, (55)

Close to p,, the effective coefficient S7, does not experience
a percolation transition, and, similarly to S5, and S7, in the
areas A, B, C, it is calculated in the EMT approximation.

Unlike the effective “diagonal” coefficients S{,, S7,, and
S5, each of which experiences a percolation transition close
to its “own” percolation threshold, the coefficient S{,/S7,,
which is responsible for cross effects, can have percolation
behavior close to p,. as well as close to p,.

For area A (see Fig. 2) from Egs. (38) and (39) with
regard to Eq. (55) we obtain

b
2R (56)
S an

For area B,

PHYSICAL REVIEW E 78, 021108 (2008)

e e \0
ln(Slz/Sn) \
— 101 T
—-20r b
~30 P
0 0.333 0.667 1
P. D.

FIG. 3. Concentration behavior of the effective cross coefficient
§7,/81; close to both percolation thresholds (p,. and p,) is shown. In

. 5X10% 0.01 . 3.2X10* 2000 .
this example, A=( ) arb. units, B=(""70 30 ) arb. units.

0.01 9x1073
H b
- == (57)
1 byb
For area g,
é= @71 (58)
oan
For area B
S _ it (59)
ST anbxn

Figure 3 demonstrates well a drastic change in the concen-
tration behavior of the effective cross coefficient S7,/S7,
close to both percolation thresholds.

II. EFFECTIVE THERMOELECTRIC COEFFICIENTS

Knowing the effective kinetic coefficients of the abstract
system, we can get them immediately for the thermoelectric
case. Now instead of Eq. (7) we have

j=0E+oa(-VT),

2=aaE+§(1+ZT)(- V7). (60)

where o is electric conductivity, « is thermal conductivity, «
is thermoelectric coefficient, Z=ca?/ k is figure of merit, E
is electric field intensity, VT is a temperature gradient, j is
electric current density, and % =q/T is entropy flow density.
Effective coefficients, in conformity with Eq. (2), relate vol-
ume averages (j), (%), (E), and VT,

<.]> = O-e<E> + Ueae<_ VT>,
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(3) = 0,0, (E) + %(1 + ZT)=VT). (61)

Moreover, the behavior of the effective thermoelectric coef-
ficient is directly determined as «,— S7,/S7,, with the re-
spective replacement of local coefficients. For low ZT, in
agreement with Egs. (8) and (9), we get

g; g;Q; g, g,

Si(r) = ki |, S,(r)= k, |, (62)
O','CY[ — O-eae -
T T

where i=1,2 is the phase number. From Egs. (56)—(59) with
regard to Eq. (62) for area A, we get

o
ae=¥r_’. (63)
g
For area B,
0K
ae=a1<l——2 2 1) + a,| 74, (64)
01Ky
For area Z,
OHrhH K o
ae:al<1—#>+#7{ (65)
0101 K3 0
For area E
O K
aez—z 2 1|7'|_‘]. (66)
01K,

Thus, as can be seen from Egs. (63)-(66), the effective ther-
moelectric coefficient can have critical behavior close to two
percolation thresholds at the same time; see Fig. 3. Note that
such behavior is possible on meeting rather “constraining”
conditions for local kinetic coefficients of phases that follow
from Egs. (15)—(17). Rewriting the latter in terms of thermo-
electricity yields

%oy, (67)
a1
By, (68)
Kq
RALINSY (69)
(&p10%)]

Unfortunately, for known materials, conditions (67) and (68)
are incompatible. As a rule, the larger the electric conductiv-
ity of a material, the larger is its thermal conductivity (note
that this fact accounts for the low figure of merit and, even-
tually, the low efficiency of thermoelectric devices). This
empirical rule, with the Wiedemann-Franz law as its extreme
expression, makes the experimental proof of the possibility
of two thresholds in thermoelectric composites unlikely at
present. Nevertheless, there are no bans on the existence of
materials for which conditions (67)—(69) are met. A situation
with double-threshold behavior of galvanomagnetic effects is
more favorable.
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III. GALVANOMAGNETIC EFFECTS

On application of the external magnetic field H to the
isotropic conducting medium, the relation between current
and field intensity assumes the form

j=6(r)E, (70)
where
o o, 0
=|-0, oo 0|, Hloz (71)
0 0 o

is an antisymmetric tensor. The effective tensor &, similar to
Eq. (2), interrelates volume averages of fields and currents,

() =6, (H)E). (72)
In the simplest case, components of tensor ¢ are of the form

o o
o=, O0,= s
AR I S ey &

where o is conductivity in the zero magnetic field, S
=uH/c is dimensionless magnetic field, w is carrier mobility
in the medium, and c is light velocity.

In the general three-dimensional case, for an arbitrary set
of local kinetic coefficients of phases (J, and &, in the first
and second phases, respectively), no isomorphism exists be-
tween the problems on galvanomagnetic properties and the
one-flow problem—the problem of conductivity in the ab-
sence of a magnetic field. Therefore, to determine the con-
centration and field dependences of &,, one should apply to
some approximation. Here we shall use a generalized EMT
approximation obtained in [11,12]. In this approximation,
tensor &, is determined from the so-called self-consistent
equation

o.=0, (73)

z

(6.~ 6)¥61,6,)p + (6, 6,) 62,6.)(1 = p) =0,

(74)
where, as before, p is first phase concentration, and inverse
to tensors ¥(6,6,)=%, and &, 6,)=%,, tensors I''= i,
2= #%," are of the form

Ny (6,-6)
[ =852 nay—ﬂf’% . (75)
Y NO 40y

Here index i=1,2 is phase number and n,g is a depolariza-
tion tensor [14], which for spherical inclusions is

naﬁ= %551,3 (76)

Thus, for spherical inclusions and their isotropic arrange-
ment, from Eq. (75) we find

, , 1o
Flllzrlzzzl—g P (77)
) ) lo‘-d'
1“112=F121=—§ “ 5 “, (78)
o
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. . 1 e_ i
Iy=Iy=1- - eUz, (79)
i 3 fo
Fﬁ3=F§1=F§3=ng=O’ (80)

where superscript i=1,2 is the phase number.

Finding the inverse to I’ tensor ¥ and substituting it into
the self-consistent equations (74) yields a system of three
equations to determine the effective conductivity,

th +Q%1(1 -p)=0,
Qlp + Q(1-p) =0,

Qé3p+(2§3(1—p)=0, (81)

where the superscript, as before, determines the phase, and
the expressions for the components of tensor Q’aﬁ are of the
form

I : 12
R R R R e e
(F11)2+(F12)2 (F11)2+(F12)2

11=(07-a)
i

. . I . i
i :—(O'i—o';) i > i +(O-Z_0Ja) i L i 5
. (I5)% + (I)? (T )%+ (T',)?

. 1 . .

i _ e i _ 0

33—(‘7z_0';)ri ) =0,
33

h=-0,. (82)

The system of Egs. (81) is nonlinear and its solution was
obtained numerically. As an example, the values of tensor
components d; and ¢, were chosen such that

ol>ol, ol<o). (83)

In this case, conductivity “along” the magnetic field in the
second phase is much higher in the first phase, therefore for
o one should anticipate a percolation transition close to p,.
For conductivity “across” the magnetic field, on the contrary,
conductivity in the first phase is much higher in the second
phase, and percolation behavior for ¢% is possible close to p..
As to the nondiagonal component of ¢, at appropriate val-
ues of local coefficients its behavior can be of percolation
character close to both percolation thresholds. Selection of
Eq. (83) is possible, since it follows from Eq. (73) on meet-
ing the inequalities

B> B (84)

Figure 4 shows concentration dependences of components of
the effective tensor ¢,(H).

0'2>0'1,

IV. ON THE MODELS OF PERCOLATION STRUCTURES

In the description of kinetic effects in two-phase media
close to the percolation threshold, in many cases it is conve-
nient to use models of percolation structure (for example the
Nodes-Links-Blobs model [15-21] or the hierarchical model
[4,5,23,24]). In many cases, these models allow for the pre-
diction of percolation behavior and/or an approximate calcu-
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FIG. 4. Concentration dependences of components of effective
tensor G,(H) are shown. (a) o?(p); (b) o%(p). The calculation was
performed at 8;=5, B,=5X 10* arb. units and o;=1, o,=10% arb.
units.

lation of critical exponents characterizing it. In the case of
the simultaneous existence of double-threshold percolation
behavior considered in this study, such models seemingly
can give at least a qualitative description of the concentration
and field dependences of effective kinetic coefficients. At
present, however, it seems that for the cases in question, such
a description is problematic. Indeed, for example, above the
percolation threshold in all the models of percolation struc-
ture it is supposed that the basic structural element is a
bridge—a combination of the so-called single connected
bonds. Each of them, when broken, will stop current flow
along the infinite cluster. The number of such series located
on a semiconductor bridge (SCB), hence the bridge resis-
tance, has a power dependence on the proximity to percola-
tion threshold 7=(p-p,)/p.. With a strong inhomogeneity of
o> 0, an account of the second (small-conducting) phase
introduces slight corrections. The second phase current dis-
torts the first phase current only slightly. In the above case of
double-threshold galvanomagnetic effects, Eq. (83), the situ-
ation is much more complicated. In the measurement of
component 0%, the average fields are also arranged along OX,
and the bridge is largely located in the same direction. That
is, its single connected bonds, arranged along OX, are much
better current conductors than the second phase bonds ar-
ranged in the same direction. However, some SCBs (which
meander more the closer they are to percolation threshold)
are also arranged along OZ, and their conductivity (83) is
much less compared to similar bonds of the second phase.
Thus, it seems that the main elements of percolation struc-
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ture (at least, in the case of galvanomagnetic phenomena)
should include the bonds of both phases. Therefore, a “com-
mon” single-phase bridge consisting of single connected
bonds cannot describe the double-threshold situation.

CONCLUSIONS

The cases in which two percolation thresholds of physical
quantity can be observed in the same system have been con-
sidered above. In all these cases, it was supposed that perco-
lation thresholds p, and p,. are far from each other. As is
known, unlike critical exponents, the percolation threshold is
not a universal value. It varies for different structures [3,22],
for example in the problem of sites in the two-dimensional
case for a square array p.=0.59, for a honeycomb p.=0.7, in
the three-dimensional case with diamond structure p.=0.43,
in the problem of bonds for honeycomb p,=0.65(>1/2), and
for the triangular p,=0.34(<1/2).

There can exist such an array or randomly inhomoge-
neous media when p,. and p.=1-p. will draw together so
much that critical areas close to these thresholds (i.e., an area
where percolation behavior takes place) will be overlapped.
In this case, it should be expected that standard percolation

PHYSICAL REVIEW E 78, 021108 (2008)

relations will occur no longer, and new types of concentra-
tion and field behavior of effective kinetic coefficients are
possible.

A similar (see Fig. 3) two-threshold dependence for effec-
tive conductivity can be found in Ref. [25]. Tt should be
noticed that two thresholds of percolation in this work are
connected with a specially adopted arrangement of phases. In
the randomly inhomogeneous grid, effective conductivity al-
ways has exactly one threshold of percolation. The same can
be said about the medium when, in a homogeneous matrix,
inclusions are scattered in a random way, for example spheri-
cally. But if inclusions have their own structure, i.e., an ar-
rangement of phases is correlated, two thresholds of perco-
lation can be observed in the medium [25].

The question regarding the value of p, is a complex prob-
lem and should be considered for each concrete type of struc-
ture separately; see, for example, [26-31].

In our work, the case in which correlations in an arrange-
ment of phases are absent is considered, and in the medium
there are only two geometrical thresholds of percolation.
This corresponds to the connectivity for the first and second
phases. We consider such situations in which both thresholds
influence the physical properties of the system.
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